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An unbounded *-derivation 6 on a C*-algebra ‘II is called approximately 
bounded if there is an increasing sequence of full matrix subalgebras {&} whose 
union is dense in the domain of ‘% and a sequence {h,} of self-adjoint elements of 
‘?I such that h, implements S on ‘II, for every n, and {II h, - Q,(h,)ll} is a bounded 
sequence where Q, is the canonical conditional expectation of 2I onto 3,. We 
prove that a quasi-free derivation on the Canonical Anticommutation Relation 
algebra is approximately bounded if the self-adjoint operator from which it 
arises is of finite multiplicity and bounded. We conjecture that all quasi-free 
derivations are approximately bounded. We also prove that a quasi-free deriva- 
tion is bounded if and only if the self-adjoint operator from which it arises is of 
the trace class. 
1. INTRODUCTION 
Recently, Powers and Sakai initiated the study of unbounded derivations on 
uniformly hyperfinite C*-algebras. One of the main purposes of this study 
was to provide a general mathematical formalism which would describe the 
dynamics of many physical systems. 
In this paper, we study a particular class of derivations, the quasi-free deriva- 
tions on the Canonical Anticommutation Relation algebra. These are the 
derivations which arise from the action of a self-adjoint operator on the under- 
lying Hilbert space. Our main result is that many of these operators satisfy 
an approximate boundedness condition introduced by Sakai. In this respect, 
they resemble the dynamics of the one-dimensional quantum lattice with finite 
range interaction. Since they satisfy this property, many properties of quasi-free 
derivations, such as the existence and uniqueness of KMS states for all inverse 
temperature, can be deduced directly from the general theory of unbounded 
derivations as in the case of the one-dimensional quantum lattice (cf. [l, 5, 121). 
* This paper is based on the author’s Ph.D. dissertation at the University of Pennsylvania 
under Professor Shoichiro Sakai. 
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In Section 2, we prove that for every self-adjoint operator iY, bounded or 
unbounded, on a separable Hilbert space, there is a sequence of subspaces {X%) 
such that Pn C Sn+l, ursl Zn is a core for N and the sequence 
{\I HP, - PnHP, 11) is bounded where P, is the orthogonal projection onto &$ . 
This condition is analogous to Sakai’s boundedness condition. This result 
answers a question raised by Jorgensen in [3]. We deduce this result by an 
. . apphcation of the Weyl-von Neumann theorem. 
In Section 3, we define a quasi-free derivation on ‘$l(Z), the Canonical 
Anticommutation Relation algebra on a separable Hilbert space X, and show 
by direct computation that a quasi-free derivation is bounded if and only if 
the operator from which it arises is of the trace class. 
Using the result of Section 2, we show in Section 4, which is the main section 
of the paper, that every quasi-free derivation has a core on which it is a normal 
*-derivation in the sense of Powers and Sakai (cf. [8, 91). 
Last, we show that if H is either a bounded operator of finite multiplicity, 
or if it can be written as the sum of a diagonal operator and an operator of the 
trace class, then 6 the quasi-free derivation arising from it is approximately 
bounded in the following sense. There is a sequence ‘9.I, of finite type I sub- 
factors of the domain of 6 such that ‘u, C 2&+, , uzV1 3, is dense in a(Z) 
and it is possible to select a sequence {An} of self-adjoint elements of 91(.%) 
such that 6(x) = [ih, , X] with x E ‘u, and (11 h, - Qn(hn)l\) is a bounded sequence 
where Qn is the canonical conditional expectation of ‘$I(%) onto ?I, . 
We conjecture that this last result is true for any self-adjoint operator H, 
bounded or unbounded. This would show that quasi-free derivations on ‘u(Z), 
considered as abstract derivations, can be treated by the same general methods 
as the derivations arising from the one-dimensional quantum lattice with finite 
range interaction. 
2. AN ELEMENTARY LEMMA 
Recently in [3], Jorgensen studied dissipative operators with approximately 
reducing subspaces on Banach spaces. He showed that such an operator is an 
infinitesimal generator of a one-parameter contraction semigroup. 
In the same paper, he asked whether a partial converse could be proved in 
the case of a self-adjoint operator on a Hilbert space. We answer this question 
in the affirmative with the following lemma. 
This lemma is a direct consequence of the Weyl-von Neumann theorem, 
proved by von Neumann in [6]. A version of the same proof in English is given 
in [4]. 
LEMMA 1. For any self-adjoint operator H on a separable Hilbert space N, 
and any E > 0, there is a sequence of jinite-dimensional spaces {Zn} such that 
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2, C Sa+l for every n, (J,“=, .s$~ is a core for H and 11 HP, - P,HP,, I] < E 
where P, is the orthogonal projection onto fin . 
Proof. By the Weyl-von Neumann theorem, we write H = D + X, where D 
is a diagonal operator and X is bounded of norm less than E. In fact, X can be 
chosen with arbitrarily small Hilbert-Schmidt norm, but this is not necessary. 
Let {en}n=l be an orthonormal basis of eigenvectors for the diagonal operator D. 
Let Zn be the subspace generated by {er ,..., e,}. Then, 
II HP, - P,Hf’,, II = W - Pn) HP, II 
= IIU - Pn) DPm + (I- Pn) XP, II 
= IlU - Pa) xpn II 
G II 1 - pn II . II Xl! . II pn II 
,( 1 .E.l =c. 
Since D leaves .%$ invariant, (I - P,) D = 0 on &, . 
Suppose that f 6 S@(H) and, therefore, f E B(D). Then, f = x:n”=, anen and 
Df = x:f, b,,e, where the sequences {a,> and {b,) are square summable. Let 
X, be the eigenvalue which corresponds to e, 
b, = (Df, 4 = (f, De,) = (f, Le,) = Uf, e,) = Anan . 
If we let fn be the nth partial sum in the Fourier expansion off with respect 
to the basis {ej}, lim(fJ = f in norm. By the previous computation, 
lim(Df,J = Df in norm. Since X is bounded, lim(Xf,) = Xf. Therefore, 
lim(HfJ = Hf in norm and Uz=‘=, #n is a core for H. This completes the proof 
of the lemma. 
3. BOUNDED QUASI-FREE DERIVATIONS 
In this section, we shall obtain a necessary and sufficient condition for a 
quasi-free derivation on the Canonical Anticommutation Relation algebra 
(hereafter called the CAR algebra) of a separable Hilbert space to be bounded. 
Recall that if 9I is a C*-algebra, a derivation on %?I is a linear map 8 from 3(S), 
a dense *-subalgebra of ‘$I, into 2l which satisfies S(a6) = 8(a) b + &3(b) for 
every a and b in g(6). A derivation is called a *-derivation if, for each a E Q(6), 
s(a*) = s(a)*. 
Suppose 3Ep is a separable complex Hilbert space. Let 2l(Z) stand for the 
CAR algebra over this Hilbert space, and let P(Z) stand for the dense 
polynomial subalgebra of 9&V). If x is a subspace of x, let ?I($) and P’(Z) 
stand for the corresponding subalgebras of ‘?I(&“) and P(Z). Notice that if x 
is finite-dimensional, 2I(Z) = P(Z). If {fl ,..., fJ is a collection of vectors 
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in %, by abuse of notation, we let ‘U(fi ,...,fJ andY(f, ,...,fn) stand for 2X(&Z) 
and 9(M) where 4 is the subspace generated by {fr ,...,fn}. For a complete 
treatment of the CAR algebra, see [7]. 
Suppose that H is a self-adjoint operator on X’, which may be unbounded. 
We can use H to define an unbounded *-derivation on a dense subalgebra of 
21(Z). Define S(I) = 0. If  f~ B(H), the domain of H, set 6(a(f)) = a(iHf) 
and let s(a(f)*) = &(a(f))*. W e can now use the identity 6(ab) = 6(u)b + &3(b) 
to extend 6 to terms of the form u(fr) ... u(fJ u(fnil)* ... u(fn+,,)*. Last, 
extend 6 to 9(3(H)) by linearity. 6 is, by definition, a *-derivation from a dense 
subalgebra of ‘U(9) to 2l(Z). 
DEFINITION 1. A derivation constructed in the above fashion is called the 
quasi-free derivation arising from H. 
THEOREM 1. Suppose 3 is a separable Hilbert space and H is a selfudjoint 
operator on 3. The quasi-free derivation S which arises from H is bounded if 
and only ;f  H is of the truce class. Furthermore, 116 11 = 11 H/II where I/ H (II is the 
truce norm of H. 
Proof. Of course, if 6 is to be bounded, H itself must be bounded, since 
the map which embeds G=? in 21(Z) is an isometry. Therefore, H must be a 
bounded self-adjoint operator which we may assume is defined on all of 2. 
First, we consider the special case where 8 arises from a positive operator A. 
To see that A must be of the trace class, pick any orthonormal basis {ej} for X. 
For each positive integer n, consider the element a(e,) ... u(e,). Since this 
element is of norm 1, /I 6(u(e,) ... u(e,))ll < /I 6 11 
8(u(e,) e.9 u(e,)) = a(iAe,) a(e,) a** u(e,) + u(e,) u(iAe,) **. u(e,) + *** 
+ u(e,) u(e,) a.* u(iAe,) 
= i4(Aelq, 4 el> + 4 - (A6 , 4 e,) 44 -*a &J 
+ ia a((& , e,) 4 + Ae, - (Ae, , e2) e,) **a ace,) + .. 
+ ia a(4 e.3 a((Ae, , e,) en + Ae, - (Ae, , a,> e,) 
= iu((Ae, , e,) e,) u(e,) .*. a(e,) + ... 
+ ia a(4 *a* a((& , e,) en) 
+ iu(Ae, - (Ae, , el) e,) **. a(e,) + *.. 
+ ia **- a(Ae, - (Ae, , e,) e,) 
= i ,fl (Ae, T 4 44 ..* a(e,) 
t- jJ ia ..- u(Ae, - (Ae, , el,) e,) *se a(e,). 
kl 
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Suppose X is the subspace generated by {e, ,..., e, , Ae, ,..., Ae,}. It is of 
dimension at most 2n. Pick vectors (e,,, ,..., e,} so that {e, ,..., e,} is an ortho- 
normal basis for X. Then, Ae, - (Ae, , e,) e, = CL, bjei and 
iu(Ae, - (Ae,, eJ e,) u(e.J **. u(e,) = i 5 bjcz(ei) a(e2) .** a(e,) 
j=z 
= iJz2 f  bja(ej) u(ei) u(e,) ..a$$ *.. u(e,) 
zzz 
0, 
u(ej) indicates that u(ej) is omitted from the product. The above calculation 
shows that 
W4 *-- u(e,)) u(e,+l) a*. u(e,) = i i (A (i=l 
Since 11 u(eJ ... 4e,>ll = II 4e,+d ... 4,)lI = II 44 ... 4e,)il = 1, 
C9z, (Aej , ei) < I/ 6 11. Since A is positive, (Aej , ei) is positive for every j. 
Therefore, XL=, (Aej , ej) is convergent. Therefore, A is of the trace class and 
/I A 111 G II 8 II. 
For any bounded self-adjoint operator H, H = A - B where A and B are 
positive operators such that AB = BA = 0. If  8r denotes the derivation arising 
from the operator T, S, = 6, - 6, . It is possible to show that 6, and 6, must 
be bounded. Therefore, A and B are of the trace class and so is H. We defer 
the calculation until the end of this section when we can compute 116, 11 exactly. 
We shall now show that the quasi-free derivation which arises from any 
operator of the trace class is bounded. We shall do this in the following manner. 
I f  6 is bounded, since g’(Z) is dense in ‘9X(Z), 6 can be extended to a bounded 
derivation 8 on all of ‘3(s). S ince %(X) is a uniformly hyperfinite C*-algebra, 
it is simple. Therefore, every bounded derivation is inner (cf. [lo]). That is, 
there is some a E ?I(%) such that 8(x) = [a, X] for each x E ‘%(X). Under the 
assumption that H is of the trace class, we shall actually exhibit such an a and 
show that [a, X] = S(X) for each x E B(S). We shall compute the norm of a 
and II 6 II < 2 I/ a Il. 
To obtain a will require a lengthy calculation and several technical lemmas 
about the form of inner derivations. The first of these follows. 
This elementary but highly useful lemma is obtained by Elliott in [2]. 
LEMMA 2. Suppose that 2I is an algebra and Jz’ is a sub&ebra with the 
same unit which is isomorphic to a finite-dimensional matrix algebra with matrix 
units {eij}&, . I f  6: J&? + PI is a derivation, it is inner by the element 
U = (1 /n) xi”,+, S(e,J eji . 
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Proof. Since both 6 and [a, .-I are linear, it is enough to show that 
S(Q) = [a, eij]. This can be verified by direct computation. 
COROLLARY 1. Suppose f  E .X is an eigenvector for H with real eigenvalue X 
and 6 is the quasi-free derivation arising from H. S maps Y(f) into g(f) and is 
implemented by the element h = iQ(a(f) a(f)* - a(f)* a(f)). 
Proof. :Y(f) is a 2 x 2 matrix algebra with matrix units 
]I = a(f) a(f)*, elz = a(f ), e21 = a(f )*, 
id = S(a(f) atf )*) = S(a(f )) a(f)* + a(f) S(a(f ))*e 
22 = a(f )* a(f )! 
= a(iAf) a(f)* + a(f) a(iAf)* = iAa(f) a(f)* - iAa(f) a(f)* = 0, 
S(e,,) = S(a(f )) = a(iAf) = iAa(f ), 
S(e,,) = S(a(f)*) = a(ihf)* = -&la(f)*, 
Ste22) = S(a(f )* a(f )) = S(a(f ))* a(f) + a(f )* S(a(f )) 
= a(iAf)* a(f) + a(f)* a(iAf) - iha( a(f) + iha( a(f) = 0. 
Therefore, by the previous lemma, 6 restricted to g(f) is implemented by 
~Ph) ell + Q12) e21 + ste2d el2 + W22) e221 
= [O . a(f) a(f )* + iAa(f) a(f )* + (-iha(f )*) a(f) + 0 . a(f )* a(f)1 
= #[a(f) a(f)* - a(f)* a(f)]. 
This is clearly an element of P(f); so, 9’(f) is preserved by 6. We note that the 
expression in square brackets at the end of the previous computation is a unitary 
element. This follows by a direct computation from the anticommutation 
relations. Therefore, 1 h / < 4 / X 1. 
This completes the proof of the lemma. 
To complete the proof that the quasi-free derivation arising from a self- 
adjoint of the trace class is bounded, we recall that if H is a self-adjoint operator 
of the trace class on a separable Hilbert space Z, then there is an orthonormal 
basis {e,>~=i such that each e, is an eigenvector of H with real eigenvalue A, . 
Furthermore, ~~==, 1 A, / = 11 H II1 , the trace norm of H. 
By the previous corollary, we have that for each n, P(e,J is invariant under 6 
and that 
6 b(,,)(x) = [ih, , 4 where h, == -&[a(en) a(e,)* - a(e,J* a(e,)]. 
Consider the series ~~=, h, . Since 11 h, // = + 1 An 1 and XL, I A, / converges, 
this series has a well-defined sum h, and /I h 11 < 4 )I H /I1 . 
I f  k = n, [ih, , a(e,)] = S(a(e,)) by construction. If  k # n, [ih, , a(e,J] = 0 
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since a(ek) anticommutes with both a(e,) and a(e,)* because (e, , e,) = 0. 
Hence, 
[ 
N 
i c h, , u(ek) 
?Z=l 1 = 0 if N < k, 
= %W) if k < N. 
So, [i/z, a(e,)] = lim[i xf=‘=, h, , a(e,)] = 6(a(ek)). Therefore, [ih, a(f)] = 6(a(f)) 
for every f in the dense linear subspace generated by {en}. Last suppose that f 
is any vector in .#. There is a sequence of vectors {fn> in the linear subspace 
generated by the {e,} such that lim(f,) = f. 
[ih, u(f)] = lim[ih, a( = lim 8(u(fJ) 
= lim(u(zXfn)) = u(iHf) = S(u(f )). 
By taking the adjoints of the above equations, we obtain a similar result for 
u(f )* where f  E 2. Hence, the derivations 6(x) and [ih, x] agree on a set of 
generators for g’(X) and, therefore, on all of g(s). 
For any x E g(3’), 
II S(x)11 = II ihx - id II < 2 II h II . II x II < 29 II H 111 II x Il. 
Hence, II 6 II < II HII, . 
To complete the proof of this theorem, we must show that 11 H Ill < I/ 6 11 
if 6 is the bounded derivation arising from the bounded self-adjoint operator H. 
H = A - B where A, B >, 0 and AB = BA = 0. Then, 6 = 6, - 6,. We 
have II 6, II = I/ A II1 and II 6, II = II B II1 . Hence, II HII, = II A /II + II B IL = 
II 6, II + II b Il. 
Let Y+(Z) denote the even part of Y(Z). Write X = X1 + X2 where 
A.?$$ = Bs$ = 0. Then, B+(Z) = B+(til) 7 g+(#s). If Jj 8 I/+ denotes the 
norm of 6 restricted to 8+(Z), IIS, I/+ + II 6, I/+ = II 6 II+ < /I 6 11. The computa- 
tion that showed 11 A II1 < jj 6, I/ together with the fact that I] A II1 = 116, II imply 
that II 6, II+ = II 6, Il. Therefore, II H II1 < II 6 II. So, II H 111 = II 6 II. 
This completes the proof of Theorem 1. 
4. UNBOUNDED QUASI-FREE DERIVATIONS 
In this section, we will show that quasi-free derivations are extensions of 
normal *-derivations in the sense of Powers and Sakai (cf. [8, 91). We shall 
also show that they are approximately bounded in the sense introduced by 
Sakai in [12]. 
Thus, quasi-free derivations provide a simple example of a class of derivations 
on the CAR algebra whose properties can be derived from the recently developed 
general theory of unbounded derivations on uniformly hyperfinite C*-algebras. 
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Let us recall some notation. We say that a densely defined derivation is 
normal if a(8) = uz=, 211, where for each n, YI, C YI,.,.i , all of the Yl, have 
the same unit which is the unit for the whole algebra, and each of the ?I, is 
a full finite-dimensional matrix algebra. We shall let h, stand for an element 
of 21 such that 6(x) = [ih, , X] for every x E 21u, . Obviously, h, is not unique 
since any element of the relative cornmutant of +& may be added to it. Let Q, 
denote the canonical conditional expectation of 91 onto ‘u, . Let Qn(hn) = R, . 
There are several immediate consequences. 
THEOREM 2. Every quasi-free derivation 6 is an extension of a normal 
*-derivation whose closure contains 6. That is, 6 has a core where it is a normal 
*-derivation. 
Proof. By definition, 6 is a *-derivation. As we previously showed in 
Lemma 1, every self-adjoint operator H has a core which can be written as a 
tower of finite-dimensional spaces #n . For every n, Y(tifl) C P(Xn+i) and 
.P(zJ C 63(S) since Xn C g(H). Since such a core for His by no means unique, 
there are, in general, many subalgebras of g(S) which are isomorphic to a tower 
of finite factors. 
It is proven in [9] that the restriction of 6 to such a subalgebra is closable. 
To complete the proof, we must show that S is contained in the closure of its 
restriction. Suppose f  E g(6). Th en, since 23 = lJz=;, 81, is a core for H, there 
is a sequence {fn} such that for each n, fn E 53, lim(fn) = f, and lim(HfJ = Hf. 
Since the map which takes f  into a(f) is an isometry, lim((a(fJ, a(iHf,))) = 
(a(f), a(iHf)). Therefore, we have that (a(f), s(a(f))) is an element of the 
closure of the graph of the restriction of 6. By taking adjoints, we have a similar 
result for a(f )*. 
The result for a general element of $9(9(H)) follows from this argument 
and the joint continuity of multiplication and addition. 
This completes the proof of the theorem. 
DEFINITION 2. A normal *-derivation on PI is approximately bounded if 
there is a sequence of finite type I subfactors {‘2&J of %, such that Z E 2&, 
21, C \21..,+i , l-I:=‘=, %I, is dense in ‘2X, and there is a sequence of self-adjoints of 
%, {h,} such that S(x) = [ih,& , x] for each x E %, and (11 h, - Q,(h,)lI} is a 
bounded sequence where Q,, is the canonical conditional expectation onto ‘21, . 
THEOREM 3. Suppose that H is a diagonal operator, and 6 is the derivation 
which arises from it. 6 is approximately bounded. 
Proof. Let {ej} be an orthonormal basis for 3’ which diagonalizes N. Let 
2n be the subspace generated by {e, ,..., e,}. Each of the subalgebras 
‘$I, = .P(&) is invariant under 6. Therefore it is possible to choose for every n, 
h, E Y[, . Hence, h, - QJh,) = 0. 
This completes the proof of the theorem. 
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THEOREM 4. Let H be a self-adjoint operator on 2’. I f  H = D + T where D 
is a self-adjoint diagonal operator and T is of the trace class, 6 the quasi-free 
derivation arising from H is approximately bounded. 
Proof. 6 = 6’ + 6” where 6’ arises from D and 6” arises from T. Suppose 
that (ej} is an orthonormal basis which corresponds to D. Let 211, = B(e, ,..., e,). 
It is then possible to pick h,’ E ‘2X, such that 6’(x) = [ih,‘, x] for each x E ‘& . 
Since T is of the trace class, 6” is bounded and it is possible to pick an h” such 
that S”(x) = [ih”, x] for each x E 2I. Therefore, let h, = h,’ + h”. For every n, 
II hn - QnWll = II h,’ + h” - Q&z + h”)lI 
= 11 h,’ + h” - h,’ - QJh”)ll 
= II h” - QnW’)ll < II h” Il. 
Qn(h,‘) = h,’ since h,’ E $8, . 
This completes the proof of the theorem. 
We remark that not only is (11 h, - Qn(h,)/l} bounded in this case, but, in 
fact, it goes to zero since lim(QJh”)) = h”. 
The Weyl-von Neumann theorem states that every self-adjoint operator can 
be written as a diagonal operator plus a Hilbert-Schmidt operator. The simple 
proof above shows that every operator which can be written as a diagonal plus 
a trace class gives rise to a derivation that is approximately bounded. 
CONJECTURE 1. Every quasi-free derivation is approximately bounded. 
The only thing which obstructs such a theorem is the rather subtle difference 
between a Hilbert-Schmidt operator and one of the trace class. However, to 
extend this theorem even to the case where the operator is bounded and of 
multiplicity one requires a lengthy calculation and finer estimates than any 
used so far. 
The key lemma which is required is the calculation of h, - QJh,) for any 
quasi-free derivation and any algebra of the form 9’( fi , . . . , f,J where ( fi ,. . . , fn} 
is an orthonormal set. 
LEMMA 3. Let {fn}zcl be any orthonormal basis for Z, a separable Hilbert 
space. Let 2’ be the subspace generated by {fi ,..., fN> and 9l, = .9(tiN). Let PN 
be the orthogonal projection onto YN and QN the canonical conditional expectation 
onto ‘$lI, . I f  H is any self-adjoint operator on 2 and 6 is the quasi-free derivation 
arising from H, it is possible to pick elements hN so that S(x) = [ihN , x] where 
x E 21N and 
h, - QN(hN) = f  [a(fj) a((I - PN) HfJ* - a(fd* aV - PN) Hfdl- 
3=1 
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Proof. First notice that the composite map QN8 is a derivation when restricted 
to 21N, although not in general, since QN(ux) = uQN(x) and QN(xu) = Q,,,(X) a 
where a E ‘& and x E 2l(%). Therefore, QNS is implemented by some element 
of %N. Since 6 - QNS must also be a *-derivation when restricted to 91N , 
it is sufficient that for any fk E {fi ,..., fN} 8(u(fk)) - Q,&u(f,)) = 
WN - QNPNN, 4fd where k~ - QN(&) is given by the formula in the 
statement of the lemma; 
[i f  U(fj) a((1 - PN) Hfj)* - u(fj)* u(V - PN) Hfh u(fd] 
i=l 
= i $ [U(fj) a((1 - PN) HfJ* - u(fi)* u((l - PN) HfJ, 4fdl 
= @(f/c) u((l - PN) Hfk)* - u(f?c)* u((1 - PN) Hfk) u(fk)l 
= i[u(f,) u((.r - PN) Hfk)* u(fk) - u(fd* u((1 - PN) Hfk) u(f7c) 
- u(fk) u(fk) u((l - PN) Hfk)* + u(fk) u(fk)* ‘((I - ‘d Hfk)l 
= i[-u(fk) u(fk) u((I - PN) HfJc)* + u(fk)* u(f7c) u((1 - ‘A’) Hfk) 
+ u(fk) u(fk)* u((.r - PN) Hfk)l 
= $(u(fk)* u(fk) + u(fk) u(fk)*) u((1 - PN) Hfk)l 
= k((l - PN) Hfk). 
We now compute the other side of the equation 
(6 - QdWfd = iu(Hf,) - Q&(Hfd) 
= ib(Hf,) - Qdu(P&f,)) - QNW - PN) Hfdl 
= i[u(Hfk) - u(PNHfk) - 01 
= iu((l - PN) Hfk). 
In the last computation, we used the fact that QN(u(g)) = 0 if g is orthogonal 
to HN . This can be shown as follows. 
From the definition of QN , it is enough to show that T(xu(g)) = 0 for every x 
inaN, where 7 is the unique tracial state on ‘9l(A?). I f  x is an odd polynomial 
in Y(fi ,..., fN), u(g) x = -m(g). Since 7 is a trace, 7(x&)) = T(a(g) x) = 
T(-%2(g)) = -T(xu(g)). so, T(xu(g)) = 0. 
If  x is even, it commutes with both u(g) and u(g)*. Therefore, if A is the 
subalgebra of a(Z) generated by u(g), u(g)*, and x, A? = g(g) @ % for 
some subalgebra X containing X. Since the trace is multiplicative on tensor 
products, T(xiE(g)) = T(X) T(U(g)). S ince u(g) represents the matrix unit era in 
%d, 443 = 0. 
This completes the proof of Lemma 3. 
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THEOREM 5. If H is a bounded self-adjoint operator of finite multiplicity on 
a separable Hilbert space S, and 6 is the quasi-free derivation on ‘%(.?F) arising 
from H, 6 is approximately bounded. 
Proof. We shall first prove the theorem in the case where H has multiplicity 
one. To do so, we must construct a sequence of subalgebras {‘&} such that 
each of the ‘$Iz, is a finite type I factor, all of the ‘?I, have the same unit as 
wq7 %N c fl[N+19 UL ru, is dense in ‘$I(%), and (11 hN - QN(hN)il)ll} is a 
bounded sequence. We shall do this by slightly modifying the construction 
used by von Neumann in his proof of the Weyl-von Neumann theorem given 
in [6]. 
Since H is of multiplicity one, there is a cyclic vector f  for the commutative 
von Neumann algebra generated by H. For each N, divide the closed interval 
[--]I HI/, I/ H 111 into 2N equal subintervals, each closed on the left and open on 
the right, except for the right-hand interval which is closed. We shall let INk 
stand for the kth interval from the left in the Nth partition and ENk stand for 
the spectral projection which corresponds to INK. We set fNk = &,,kf/lj ENkf (/ 
if ENk # 0, 0 otherwise. Let sN be the subspace generated by {fNK}~~l and PN 
orthogonal projection onto SN . XN C %N+i . Since H is of multiplicity one, 
uz=i sN is dense in A?. Let %N = %(#N). The first four conditions on the ‘$IN 
are consequences of the corresponding conditions on the ZN . It remains only 
to prove that (11 h, - &(hN)lI) is a bounded sequence. 
First, we note that PNHfNk = bNhfNk where b,, E INk . Therefore, if 
E(x) is the resolution of the identity which corresponds to H, we have the 
inequality 
li(I - PN) Hf,vk /I2 = II Hfhrlc - b,,f,, /I2 
= SW (X - bid2d(E(x)fnrle ,fd 
-co 
s @ - hvJ2 d(E(X)fNlc ,fNt> 
INk 
G (4 II Hl12/22N) ~Nk4Wf~k ,fNlc) 
= 4 11 H l12/22N. 
This, in turn, implies the inequality 
l 
( gl ll(I - PN) HfNlc II’)“’ < (2” 4 ‘l:“’ )I/2 
< 2IIHII 
‘2(1/2)N’ 
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By Lemma 3, we can set 
< 2 . 2’1’2’N . $# < 4 /I H (1. 
Finally, if His of some finite multiplicity n which is greater than one, .V can 
be written as the direct sum of 1z subspaces, each of which has a cyclic vector 
under the commutative von Neumann algebra generated by H. The previous 
construction can now be carried out in each summand. In this case, let XN be 
the direct sum of the corresponding subspaces constructed in each of the direct 
summands. 
This simply multiplies the preceeding estimate by n, the multiplicity of H. 
(11 hN - &(&)(I} is still bounded. 
This completes the proof of Theorem 5. 
We remark that the estimates in the last proof may be sharpened somewhat, 
but it seems unlikely that this can extend the theorem to a wider class of opera- 
tors. I f  we assume that {fi ,f2 , (I - P2) Hfi , (I - P2) Hf2} are all orthogonal, 
h, - Q,(h,) can be represented by a 16 x 16 matrix whose norm can be 
explicitly computed to be 
W - p2) WI II t IIV - p2) W2 11)~‘~. 
This suggests that any improvement in the theorem must come from an improve- 
ment in the diagonalization process and not a sharpening of the norm estimates. 
Note added in proof. A somewhat less specific version of Theorem 1 was proved in a 
different setting by H. Araki, On quasifree states of CAR and Bogoliubov automorphisms, 
Proc. Res. Inst. Math. Stud. Kyoto, 6 (1971), 385-442. 
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